Abstract -An important open problem concerns the physical origin of long-range correlations, multifractality and fat-tailed distributions observed in heteroscedastic time series associated with complex systems. Financial stylized facts provides one useful example usually not explained by traditional economic models. We investigate the behavior of an agent-based model consisting of N agents which interact with each other via fixed rules. We show that fat-tailed distributions, longrange correlations, heteroscedasticity and multifractality arise as N becomes large. Our findings suggest that such stylized facts can in principle arise as emergent properties.
Introduction and motivation. -The origin of scale-free behavior in complex systems is only partially understood. Scale-invariant power law behavior is well understood in the context of second-order phase transition [1] [2] [3] [4] [5] . When a tunable parameter, such as temperature, equals the critical temperature, the correlation length diverges and the system acquires scale-free properties [1] . Power laws arise similarly in self-organized criticality, where the dynamics of the system naturally drives it towards the critical state, even in the absence of a tunable parameter [6] [7] [8] [9] [10] . In contrast, there are many complex systems whose power law behavior remains poorly understood. Scale-free and even multifractal scaling has been observed in a number of distinct phenomena. In biological systems, the origin of Kleiber's law for metabolic rate remains an ongoing subject of debate [11, 12] . In physiology and medicine, the origin of non stationary fluctuations in heteroscedastic time series remains a topic of intense study, e.g., heartbeat dynamics [13] [14] [15] [16] . In finance and economics, the findings of fat-tailed distributions of financial returns and multifractal scaling of long-range (a) E-mail: fredsp7@gmail.com correlations in financial volatilities eventually gave birth to a whole new interdisciplinary subfield now known as econophysics [8, [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] . Scaling is also seen in many other phenomena, e.g. earth-quakes [28] [29] [30] , material rupture [31] , human mobility [32] , and even in music [33, 34] . Many of these properties are also present in systems with anomalous diffusion, which sometimes can be solved analytically [35] [36] [37] [38] . An important conceptual contribution of statistical mechanics in the larger context of complex systems relates to the idea of emergence. Although the idea of an emergent property can be traced to ancient times, the statistical mechanical explanation of how a thermodynamic temperature can emerge for a collection of particles led to new insights into emergence. Although it is not well defined for a single particle, a well-defined temperature emerges as the number of interacting particles increases in a closed Hamiltonian system [1, 39, 40] .
Here we study a simple heterogeneous agent-based model that presents many statistical features observed in real stock markets as well as some stylized facts. The agent-based model approach is common in the econophysics literature [41] [42] [43] [44] [45] [46] [47] and also in economic journals [48] [49] [50] [51] . These models have successful reproduced some of the stylized facts under controlled circumstances, such as interactions, strategy homogeneity (or lack thereof) and book keeping. Our model incorporates some of these previous ideas. The model consists of N agents (or a supersystem with N stochastic subsystems in the larger context of complex systems) that interact with each other via fixed rules. We show that fat-tailed distributions, long-range correlations, heteroscedasticity and multifractality arise as N becomes large. Our findings suggest that such stylized facts which are typical of financial series and other complex systems can arise as emergent properties. Our aim is to achieve well-known properties with the simplest set of rules that the agents must follow.
Model. -We consider an agent-based model consisting of N trading agents (or subsystems) that interact according the following rules: at a given time t, each agent can perform two distinct actions depending on the value of a given function S(t), the actions corresponding to selling or buying a given asset. The function S(t) thus represent a common source of information shared by the agents. Each agent i is associated with an impact factor f i , randomly chosen in the arbitrary interval f min � f � f max . The f max is always lower than 10 −1 to prevent divergence on the price time series. If the allowed range for f is too small, a large number of agents interacting for a longer time is needed in order to observe real market features. Nevertheless, for N and t large enough, the allowed range becomes irrelevant. The impact factor is responsible for the heterogeneity in the model and will be used to calculate the successive values of S(t) (it means that the action of buying or selling have different impact in the price series for different traders). The agents will base their actions upon the value of M t , given by
Equation (1) is used to calculate the exponentially weighted moving average in order to introduce memory effects on the model. The parameter α, called the smoothing factor, is equal to 2 T +1 , where T is the time lag used used to calculate M t and is also related to the frequency of the data. It can be interpreted as a day, a second, a month or any other suitable time lag. For larger T we have more aggregations with higher frequency. In our model we arbitrarily choose T = 20 to represent a trading month. The initial value M 0 is associated to the initial value of S(0). Updating rules are as follows:
-(Step 1 ) each one of the N agents (or traders) start choosing a value C p , randomly chosen in the interval 1 � C p � 4. This may be interpreted as the price they consider to be the f air price of the financial asset traded (note that, since expectations are not homogeneous, the price considered to be the f air price are different for different traders). -(
Step 2 ) half of the N agents choose the action equivalent to buy if their fair price C p is lower than (1), otherwise they choose sell. The other half does the opposite, they buy if their C p is higher than (1) and sell otherwise.
-(
Step 3 ) The function S(t + 1) (the price of the asset at a given time t) is updated according to
where σ i = ±1 is related to each agent's action. The plus sign is associated to buy and the minus sign to sell.
-(Step 4 ) A new value of (1) is calculated and the routine goes back to Step 1.
The actions of the first half tend to destabilize the system, whereas the second half tends to stabilize it. In market language, this is similar to the behavior of ("chartist") agents which destabilize the market with their actions while other ("fundamentalist") agents tend to stabilize it. If the balance between the number of chartist traders and fundamentalists is lost, the price will either increase indefinitely (by action the of chartists) or will tend to zero (by action of fundamentalists).
Results. -For a given integer value δ (the number of interactions), we consider the following quantity (logreturn):
We define the volatility as the absolute value of the return, which is a common choice in literature [19, 20, 52] . Figure 1 shows the returns obtained for different N . We can see that the heteroscedastic behavior increase as N increase, producing a volatility clustering. Volatility clustering is a stylized fact observed in finance (see ref. [15] ) and can be direct related to the heteroscedastic dynamics of the return. Here we restrict the heteroscedastic analysis to the first and the second moment fluctuations of the signal
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Fat tails, LR correlations and multifractality as emergent properties in NTS (return) and the second moment is approximated as the absolute value of the return (volatility). Figure 2 shows that the auto-correlation of the absolute returns (and also of the returns) are negligible and independent of N . The volatility correlation is strikingly similar to those observed in actual financial data [19] .
We next discuss scale invariance. Whereas monofractality refers to the case when a single scaling exponent (the fractal dimension) characterizes the entire system, multifractality is related to a range of scaling exponents. In order to analyze and quantify the multifractal properties of the artificial data points, we have studied their multifractal spectra [53, 54] . We focus on the width of the multifractal singularity spectrum, as a measure of the degree of multifractality. Figure 2 shows the singularity spectrum for several N used to generate the time series. Figure 2 shows the relation between multifractal properties and N . The width of spectrum increases with N . Whereas for N = 50 the system is approximately monofractal and uncorrelated (α centered on 1/2), for large N the multifractal spectrum is broad, so monofractality is lost and the behavior is multifractal.
This result shows the direct relation between multifractality and heteroscedasticity [15] . This is relevant in the context of self-organizing, adaptive and evolutionary phenomena (see ref. [15] ). It is possible that heteroscedastic behavior in the dynamics of a system might bring advantage to it. Figure 3 shows the return distributions obtained for n = 250 agents considering δ = 1 and 60 interactions. We see that the distribution is asymptotically Gaussian, but with the Lorentzian probability density function (dotted line) and δ = 60 (closed diamond) compared with a Gaussian PDF (straight line). In (a) both, δ = 1 and δ = 60 seem to be closer to a normal distribution, for N = 600 the differences between the frequencies (the value of δ) are much clearer, and they follow two different distributions. The inset shows the collapse of the distribution of returns observed for δ = 1, 2, 5, 10, 20, 40 e 60 interactions, after a suitable rescale [19, 59] . We can observe the differences between the distributions for different N .
slightly asymmetric (with negative skewness). This is a consequence of the negative volatility-return correlation or leverage effect [55] [56] [57] [58] . On the other hand, the return distribution for δ = 60 is also approximately Gaussian as a consequence of the central limit theorem. The inset in fig. 3 shows the collapse of returns distribution (also observed in actual market data [19, 59] ). The collapse is a property of any function of stable distributions [19, 60] as a consequence of the generalized central limit theorem. These effects are more pronounced as N is increased. In fig. 3 the asymmetry is clearly visible for both δ = 1 and δ = 60 interactions. In the inset in fig. 3 we still observe the collapse, but the process is farther from the Gaussian than the corresponding inset in fig. 3 .
Conclusions.
-In summary, we show that several key characteristics associated with financial markets (shared with several complex systems) can arise as emergent properties of a system of N interacting agents as N becomes large.
We observed that the degree of complexity can be directly related to the number of agents. The statistical features of return distribution and also their statistical properties become closer to real data observations as the number of traders increase.
